The mesoscopic effects on quantum correlations of photon pairs emitted by a microspherical particle composed of many quantum particles in a double Raman scheme are studied. Quantum Langevin formalism with noise operators is used to compute the nonclassical correlations between the Stokes and anti-Stokes photons, particularly the Glauber's second-order cross-and self-correlation functions. The theory includes realistic situations of inhomogeneous field distributions of the pump and control laser fields as the result of the focusing effect of the microsphere as well as its linear dispersion. The results show that the photon correlations are affected by the size and density of the microsphere, the detection direction, and the detuning and strength of the laser fields. The selfcorrelation times of the quantum fields are significantly enhanced by the focusing effect of the microsphere with certain sizes.
INTRODUCTION
Quantum properties of photon pairs are best produced from single atoms and molecules [1, 2] . However, trapping and manipulations of atoms and molecules require a complicated and large setup. Although many quantum effects are marvels in quantum information and computing technologies, they are hard to produce in practice. The advent of nanotechnology has provided some promising solutions for making artificial atoms like quantum dots [3] that are easier to be manipulated while still maintaining the essential intrinsic quantum properties [4] through quantum confinement. The question is how far one can maintain the quantum properties as the dimension goes to mesoscopic scale [5] . Microparticles are ubiquitous and more readily manipulated by optical tweezers [6] . It would be a challenge to extend the quantum effects in nanoparticles [7] to microscale for applications in microphotonics and plasmonics.
The theory and results in this work make use of the formalism in our previous work [8] to compute and study Glauber's two-photon correlation functions [9] , i.e., the self-correlations hÊ † f tÊ † f t τÊ f t τÊ f ti with f s (Stokes), a (antiStokes) and the cross-correlation hÊ † s tÊ † a t τÊ a t τÊ s ti of the anti-Stokes to the Stokes fields generated by the mesoscopic spherical particle composed of atoms/molecules in the double-Raman scheme. In Section 2, we show how the fourth-order field products can be calculated from the solutions of the electric field operators obtained in Ref. [8] . It is then straightforward to compute the entanglement between the Stokes and anti-Stokes photons. Instead of using the squeezing and Duan's entanglement criteria [10] , the Glauber's twophoton correlation function is a more natural choice for determining the nonclassicality of the photon pairs generated [11] , and can be easily connected to the Hillery-Zubairy's criteria [12] .
Using the analytical formulae obtained for the fields, we compute the self-and cross-correlations semi-analytically. In Section 2, we outline the steps leading to the semi-analytical expressions of the Glauber's correlation functions that depend on particle dimension (radius) ρ and the angle of observation Θ. In Section 3, we focus on trying to understand how the correlations depend on the radius of the spherical particle with linear dispersion included and that are valid for any laser detuning and field strength. This is important for understanding the mesoscopic effect on the quantum correlations. We also investigate the change of the correlations with the direction of observation relative to the pump and control laser axis. The effect of time ordering between the emissions of the Stokes and anti-Stokes photons on their correlations can be better understood by comparing the differences between the cross-correlation hÊ
CORRELATIONS OF PAIRED PRODUCTS
We write the solutions of the Stokes and anti-Stokes field operators for p; q x; y; z components produced by the mesoscopic spherical particle as [8] 
M 4j r; ωĜ j r; ωd 3 r;
(1)
M 1j r; ωĜ j r; ωd 3 r; 
where N is the number density, ν sa is the Stokes (antiStokes) frequency, ℘ ⊥ db;p and ℘ ⊥ ac;q are the p-component and q-component of the dipole matrix elements, M 4j r; ω and M 1j r; ω are the elements of the matrix 
The fourth-order noise correlation hĜ † k r 000 ;ω 000 Ĝ j r 00 ;ω 00 Ĝ † i r 0 ;ω 0 Ĝ h r;ωi can be decomposed or decorrelated as in Ref. [13] into hĜ † k r 000 ;ω 000 Ĝ j r 00 ;ω 00 ihĜ † i r 0 ;ω 0 Ĝ h r;ωihĜ † k r 000 ;ω 000 Ĝ h r;ωihĜ j r 00 ;ω 00 Ĝ † i r 0 ;ω 0 i. The noise products can be expressed in terms of the diffusion coefficientsD 
Π qp as R; τ hÊ a;q R; t τÊ s;p R; ti
At this point, we note that correlations hĜ † i r 0 ; ω 0 Ĝ h r; ωi are normal-ordered for all possible pairs where h; i ac; ad; bc; bd. Even though we have neglected the cross-coupling terms, i.e., the anti-Stokes field on the RHS of the solution for Stokes field and vice versa, there is still correlation between the Stokes and antiStokes fields through the coherences in the atomic internal states. The Stokes and anti-Stokes fields may be weakly coupled but they can still be correlated.
Omitting the R dependence to save space, the correlation can be rewritten as
which is the Fourier transform of the spectral function
where
θdrdθdϕ is the volume integration for the particle with radius ρ. We have used jR − rj 2 ≈ R 2 in the denominator and jR − rj ≈ R − rsin Θ sin θ cosΦ − ϕ cos Θ cos θ in the phase factor which contains the angles of observation Φ; Θ in spherical polar coordinates.
If the functions M ij andD n i;h were independent of φ, we may perform the φ integration analytically using e −iy cosΦ−φ P ∞ n−∞ J n y−ie −iΦ−φ n with R 2π 0 e −iy cosΦ−φ dφ 2πJ 0 y, where y K ωr sin Θ sin θ. Then we have
Let x cos θ, d x − sin θd θ, and the integral over θ can be expressed as
Similarly we have the intensities
with the spectral parts 
Using these steps, we find that hẼ † sq R; ω 0 Ẽ aq R; ωi, hẼ † aq R; ω 0 Ẽ sq R; ωi, and their antinormal-ordered pairs hẼ sq R; ω 0 Ẽ † aq R; ωi and hẼ aq R; ω 0 Ẽ † sq R; ωi are all zero due to the vanishing noise correlations hĜ j r; ω 0 Ĝ k r; ωi and hĜ † j r; ω 0 Ĝ † k r; ωi. Physically, this implies that the emission of Stokes (anti-Stokes) is not correlated to the absorption of anti-Stokes (Stokes). This result is not rigorous; it is the outcome of assuming the weak nature of the quantum fields, the Stokes, and anti-Stokes, which enables the 16 coupled equations to be reduced to the 4 coupled equations given in Ref. [8] .
Further from this concept to the case of the spectrum which involves the first-order correlation functions, we may say that the emission of Stokes (anti-Stokes) is correlated to the absorption of Stokes (anti-Stokes). Also, from the G 2 second-order correlation, we say that the emission of Stokes (anti-Stokes) is correlated to the emission of anti-Stokes (Stokes).
B. Self-Correlations
In the same manner as the cross-correlation, we may compute the second-order self-correlations using
We note that hÊ f t τÊ f ti 0 due to vanishing noise correlations and (17) and (18). Thus,
and the normalized self-correlations are
The p-component of the field-field correlation of the Stokes signal is [8] hÊ † s;p ω 0 Ê s;p ωi C 0 ω 02 ω 2 δω 0 − ω 
Applying the far-field approximation, jR − rj 2 ≃ R 2 in the denominator and jR − rj ≈ R −R · r in the phase, we have
Similarly, the q-component of the field-field correlation of the anti-Stokes signal is
C. Entanglement
The Hillery-Zubairy (HZ) criterion [12] states that the state of a two-mode system is entangled if the following inequality is satisfied:
SinceÊ a ∝â a andÊ s ∝â s , the mean correlation and average Stokes and anti-Stokes photon numbers are, respectively,
and hence the two-photon correlation at zero delay has to be greater than 2 for the presence of entanglement,
Including the polarization, the inequality in the HZ criterion implies that jΠ qp as 0j
2 > I a;q 0I s;p 0:
RESULTS AND DISCUSSION
The normalized cross-correlation g 2 as τ I f 0 2 1 versus ρ∕λ, the normalized radius of the spherical particle for resonant laser fields in the forward direction Θ 0, and the dominant x component p q x of the scattered quantum fields. Here, λ 2πc∕ν c 3.8 × 10 −7 m and ν c 4.96 × 10 15 s −1 . We use N 2.39 × 10 23 m −3 for the low-density case and N 9.55 × 10 23 m −3 (four times higher) for the high-density case and include the thermal photons at T 300 K.
As shown in Figs. 1-6 , antibunching is seen only in the cross-correlation g For the Raman-EIT case (Figs. 1 and 4) , the reverse correlation g 2 sa is very close to unity whereas the cross-correlation is highly nonclassical g Research Article inequality, which clearly verifies another nonclassical property of lights other than the antibunching feature. The nonclassical correlation that exists only for the Raman-EIT between the Stokes and anti-Stokes photons is the result of quantum interference [11] . At this point, we note that although the crosscorrelation is very large and also shows antibunching, there Fig. 3 . Two-photon cross-and self-correlation functions for asymmetric and resonant laser fields: (a) Ω p 7γ ac , Ω c 3γ ac and (b) Ω p 3γ ac , Ω c 7γ ac . Other parameters are the same as in Fig. 1 .
is no entanglement according to Eq. (35) in Section 2.C. Thus, quantum correlation should not always be associated with entanglement as it may not necessarily coexist with entanglement.
Further differences between g 2 as and g 2 sa for the Raman-EIT can be observed from the dependence of the amplitude of the correlations on the radius ρ and the angle Θ. For g 2 as , the amplitude of the cross-correlation peaks at around the ρ ≃ 0, Θ 0.5 radian whereas, for g 2 sa , the highest amplitude is at around the ρ∕λ ≃ 0.2, Θ 2 radian for both high-and lowdensity cases.
To understand the physics behind the large correlation here, let us be reminded that the g 2 as gives the degree of quantum correlation corresponding to the (normalized) probability of detecting anti-Stokes photons after detecting a Stokes photon. The Raman-EIT scheme generates Stokes photons quite instantaneously via off-resonant Raman transition. Therefore it is less noisy, as the process is less dissipative than spontaneous emission if it were created by a resonant field. Thus, the Stokes photon has stronger quantum correlation with the coherent control field and therefore the generated anti-Stokes photon. In other words, the anti-Stokes photon tends to follow the Stokes photon or has a strong "affection" to the Stokes photon, but not otherwise. The reverse correlation g 2 sa is much smaller (Figs. 1 and 4) , which means that the Stokes photon does not follow (or is much less correlated to) the anti-Stokes photon. However, for the resonant cases (Figs. 2 and 3) , the highest peak value for g 2 sa is comparable to the peak value for g 2 as . This means that the Stokes photon is correlated to the antiStokes photon as much as the anti-Stokes photon is correlated to the Stokes photon.
When both laser fields are resonant, the cross-correlation g 2 as τ ≃ 1 is much smaller than the Raman-EIT case, while the reverse correlation and the self-correlations g 2 sa τ, g 2 f τ ≃ 1, regardless of whether the laser fields have symmetric strengths (Figs. 2 and 5 ) or asymmetric strengths (Figs. 3 and 6 ). For symmetric resonant fields, the correlations g as . This distinction is another quantum effect (indirectly manifested by the quantum vacuum) at weak field. The identical correlations at strong driving fields imply that the Stokes and anti-Stokes transitions become almost indistinguishable, and this can be understood from the nearly symmetric double Raman scheme. At weak coherent fields, spontaneous emission, being an effect of quantum vacuum, leads to weaker internal quantum dynamics that are more affected by the initial condition, and this distinguishes between the g 5(b) ], the differences are amplified due to collective effect and become noticeable even for strong fields and symmetric and asymmetric cases. Figures 1-3 show the size dependence of g 2 as τ, g 2 sa τ and g 2 f τ, with results that extend beyond the usually known general features of the g 2 as τ, which are damped oscillations (due to decoherence), the oscillations (due to the resonant laser fields), and antibunching (nonclassicality). The amplitudes of the cross-and reverse-correlations g 2 as τ, g 2 sa τ reduce rapidly to unity in the same manner as the particle size increases beyond around ρ∕λ ≈ 0.2 − 0.3. The correlation time also reduces Research Article (i.e., the oscillations fall off at smaller τ) with the particle size. There is also a drop in the self-correlation times over ρ∕λ, but this is seen only in the Raman-EIT case. The loss of quantum correlation is a natural consequence as the particle goes from quantum to mesoscopic size regimes. It seems that the many body effects do not contribute coherently to enhance or sustain the quantum correlation as in the arrayed particles [14] . Instead, there is a more complicated way of adding up the correlations from each emitter since we now have a spatially inhomogeneous effective scattering volume due to Mie focusing by the microsphere.
However, in the cases of resonant lasers (equal or unequal strengths), we discover an enhanced correlation time at certain particle radii. This is the main effect found in this work. The self-correlation times are significantly enhanced at certain values of discrete particle radii ρ∕λ depending on the values of the laser fields. At around the particle radius ρ∕λ ∼ 0.37 (for resonant laser fields with the lower density, Figs. 2 and 3) , it is interesting to note that the self-correlations g 2 f τ sustain a finite correlation at much longer time delay τ. However, we notice that the locations of the peaks in ρ∕λ are not regular, i.e., they do not satisfy kρ mπ. This enhanced correlation time is the main effect in this work and its underlying physics can be explained as being due to some resonances of surface waves connected to the whispering gallery effect or morphology-dependent resonances of the microsphere as well as enhanced phase matching as the result of focusing (lensing) effect of the laser fields inside the microsphere [15] .
The effects of density on the linear dispersion and absorption/ gain are governed by Eq. (5). Here, the dispersion through the real parts of ϵ s;a and the absorption through the imaginary parts in the linear response affect the correlations. The cross-correlation vanishes for sizes larger than ρ∕λ ≃ 0.3 for the density of N 2.39 × 10 23 m −3 , but vanishes at a lower value of ρ∕λ ≃ 0.2 for a higher density N 9.55 × 10 23 m −3 for all cases of laser excitations. For higher density, N , the intriguing resonance effect on the prolonged self-correlation time can be seen more clearly in the two-dimensional plots of Fig. 3 as it becomes stronger at higher density. The high density enables the enhanced self-correlation effect to be seen in the Raman-EIT case ( Fig. 1 ), but at a larger ρ∕λ than the other cases of resonant lasers. We note that due to our assumption of constant decay and decoherence rates, the number density cannot be too high because the decoherence rates would then have to depend on the density as the many-body effect influences the dissipative mechanism. 
where the subscripts j; l 1; 2; 3; 4 denoteĜ 1 Ĝ ac ,Ĝ 2 G ad ;Ĝ 3 Ĝ bc ;Ĝ 4 Ĝ bd and the corresponding frequencies ν j ;ν l ∈ fν a ;ν ap ν cs ;ν ac ν ps ;−ν s g. The exponents e −iν j t 0 e −iν l t are included because we have used the slowly varying envelope operatorsp x σ x e −iν j t x ∈ fac; ad ; bc; bd g instead of the original operatorsσ x in our evaluation of all the second-order correlation functions. The noise product in time domain is related to the diffusion coefficient by 
where 2D j;l r; t 2D j;l r; te −iν j t 0 e −iν l t :
We proceed to simplify Eq. (B3) as 
In the same manner, the normal-ordered noise products hĜ † j r 0 ; ω 0 Ĝ l r; ωi and antinormal-ordered noise products hĜ j r 0 ; ω 0 Ĝ † l r; ωi can be obtained using the method above with the diffusion coefficients denoted asD n j;l r; t and D an j;l r; t, respectively.
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